Introduction {#Sec1}
============

Rough Set Theory (RST) is one of the most useful mathematical tools to treat and manage datasets. In particular, RST was proposed by Pawlak in \[[@CR7]\], to analyze datasets containing incomplete information. The main idea of this theory is to determine a set from two approximations. These approximations are called upper approximation and lower approximation.

In this theory, a relational database can be represented from two different point of view, as an information system or as a decision system. In the case of information system, the database is simulated by a set of objects and a set of attributes characterizing the objects. On the other hand, a decision system is a particular case of information system adding a new attribute that describes an action over the objects, which is called decision attribute.

Due to the size of databases has increased in late decades, size reduction mechanisms became into one of the main goals of different mathematical theories. In the particular case of RST, a reduct is a minimal subset of attributes preserving the same knowledge as the original set. This notion is deeply studied in many papers \[[@CR4]--[@CR6], [@CR11], [@CR12]\]. Therefore, reducts are focused on the reduction of the set of attributes. In order to reduce also the set of objects, the notion of bireduct arose \[[@CR1]--[@CR3], [@CR9], [@CR10]\]. In a general point of view, the main idea underlying bireducts is to choose the maximal consistent information subsystem. Moreover, as all the bireducts are computed, the user can choose the bireduct consistent subsystem that best suits their needs.

In this paper, we study some properties of bireducts. We will prove that the set of reducts can be obtained from the set of bireducts. We will analyze the relation between bireducts and the discernibility classes of the objects of the dataset. We will also inspect how bireducts can be used for detecting inconsistencies contained in the considered database. The presented study will be carried out for information systems, as well as for decision systems. All the presented results will be illustrated by means of examples.

The paper is organized as follows: the notions and results needed in this study are recalled in Sect. [2](#Sec2){ref-type="sec"}. Afterwards, Sect. [3](#Sec5){ref-type="sec"} presents the contribution of this paper together with some examples. Finally, the conclusions and future works are presented in Sect. [4](#Sec6){ref-type="sec"}.

Preliminaries {#Sec2}
=============

This section recalls the main notions associated with information and decision systems and the characterizations of reducts and bireducts. More detailed information related to these notions can be found in \[[@CR3]\].

Information Systems {#Sec3}
-------------------

We will recall the notions and results needed to carry out the attribute reduction in information systems. First of all, we present the definition of information system and the considered indiscernibility relation.

### Definition 1 {#FPar1}
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                \begin{document}$$\mathcal {A}=\{a_1,a_2, \dots ,a_m\}$$\end{document}$ are finite, non-empty sets of objects and attributes, respectively. Each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In order to be able to reduce an information system, the notions of consistent set and reduct are fundamental.

### Definition 2 {#FPar2}
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The following definition presents the idea of discernibility matrix and discernibility function. In particular, the discernibility matrix is a useful tool which is used to represent the attributes in which the objects differ.

### Definition 3 {#FPar3}
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                \begin{document}$$ \tau _{\mathcal {A}}^\text {uni}= \bigwedge \left\{ \bigvee (M_{\mathcal {A}}(x_i,x_j)) \mid x_i,x_j \in U \hbox { and } M_{\mathcal {A}}(x_i,x_j) \ne \varnothing \right\} $$\end{document}$$

The discernibility function of an information system is a powerful tool which is used in the following result in order to describe a method to obtain all reducts from an information system \[[@CR3], [@CR8]\].

### Theorem 1 {#FPar4}
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Next, we introduce an example, which will be developed throughout the paper.

### Example 1 {#FPar5}

Let us consider the information system $\documentclass[12pt]{minimal}
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If we compare the objects, considering the indiscernibility relation presented in Definition [1](#FPar1){ref-type="sec"}, we can build the following discernibility matrix:$$\documentclass[12pt]{minimal}
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The idea of bireducts arose as a path to prevent incompatibilities and eliminate noise in the original data by means of a reduction in the set of objects and the set of attributes, simultaneously.

### Definition 4 {#FPar6}
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                \begin{document}$$D\in \mathcal {A}$$\end{document}$ is a subset of attributes. We say that (*X*, *D*) is an information bireduct if and only if every pair of objects $\documentclass[12pt]{minimal}
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Since we will work simultaneously with reducts and bireducts of an information system, we will use the notation (*X*, *B*) to denote bireducts in order to distinguish the subset of attributes from reducts and bireducts.

In order to generalize the mechanism to obtain reducts presented in Theorem [1](#FPar4){ref-type="sec"}, we need to improve the idea of discernibility function as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$ \tau _{\mathcal {A}}^\text {bi}= \bigwedge \left\{ x_i \vee x_j \vee \bigvee (M(x_i,x_j)) \mid \hbox { for all } x_i,x_j \in U, M(x_i,x_j) \ne \emptyset \right\} $$\end{document}$$Now, we can introduce the following theorem, in which a mechanism to obtain all the bireducts of an information system is presented.

### Theorem 2 {#FPar7}

**(**\[[@CR3]\]**).** Given a boolean information system $\documentclass[12pt]{minimal}
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### Example 2 {#FPar8}

We are going to compute all the bireducts from the information system described in Example [1](#FPar5){ref-type="sec"}. In order to do that, we consider the discernibility matrix described in Expression ([1](#Equ1){ref-type=""}), obtaining the following bidimensional discernibility function:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \tau ^\text {bi}&= \{1 \vee 2 \vee \text {t}\vee \text {a}\} \wedge \{1 \vee 3 \vee \text {f}\vee \text {c}\vee \text {t}\} \wedge \{1 \vee 4 \vee \text {f}\vee \text {c}\vee \text {t}\} \wedge \{1 \vee 5 \vee \text {c}\vee \text {t}\vee \text {a}\} \\&\quad \wedge \, \{1 \vee 6 \vee \text {f}\vee \text {c}\vee \text {t}\} \wedge \{2 \vee 3 \vee \text {f}\vee \text {c}\vee \text {a}\} \wedge \{2 \vee 4 \vee \text {f}\vee \text {c}\vee \text {a}\} \wedge \{2 \vee 5 \vee \text {c}\} \\&\quad \wedge \, \{2 \vee 6 \vee \text {f}\vee \text {c}\vee \text {a}\} \wedge \{3 \vee 5 \vee \text {f}\vee \text {a}\} \wedge \{3 \vee 6 \vee \text {f}\} \wedge \{4 \vee 5 \vee \text {f}\vee \text {a}\} \wedge \{4 \vee 6 \vee \text {f}\} \\&\quad \wedge \, \{5 \vee 6 \vee \text {f}\vee \text {a}\} \\ \end{aligned} \end{aligned}$$\end{document}$$ Now, we compute the reduced disjunctive normal form of $\documentclass[12pt]{minimal}
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Decision Systems {#Sec4}
----------------

In this section, we recall the main notions and results we will need in the framework of decision systems. First of all, we present the formal definition of a decision system.

### Definition 5 {#FPar9}
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In this framework the role of reduct is a little bit different, since only objects with different decision attribute values are compared.

### Definition 6 {#FPar10}
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As we did in an information system, we use the notions of discernibility matrix an function in order to compute all reducts \[[@CR8]\]. Therefore, the discernibility matrix of a decision system $\documentclass[12pt]{minimal}
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Now, we present the definition of decision bireduct of a decision system:

### Definition 7 {#FPar11}
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In order to generalize the process to compute all bireducts, we consider the discernibility function:$$\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar12}
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Now that all the needed notions and results have been presented, we present the different kinds of bireducts that we can find in an information and decision systems.

Threshing Bireducts {#Sec5}
===================

This section highlights the main properties of bireducts. First of all, the following result shows that the reducts of an information system are particular cases of bireducts.

Proposition 1 {#FPar13}
-------------
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Proof {#FPar14}
-----

This proof is straightly obtained from Definitions [2](#FPar2){ref-type="sec"} and [4](#FPar6){ref-type="sec"}.

Moreover, we can assert that the decision reducts of a decision system are also decision bireducts due to the definitions of these notions.

The following example illustrates this result by means of the information system given in Example [1](#FPar5){ref-type="sec"}.

Example 3 {#FPar15}
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A special type of bireduct appears when the subset of attributes is the empty set, that is, there are no attribute to distinguish the elements in the subset of objects. Therefore, the objects are indiscernible. The following result formalizes this idea.

Proposition 2 {#FPar16}
-------------
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Proof {#FPar17}
-----
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In this example, we present the connection between the indiscernibility classes of the objects in an information system and the bireducts with no attributes.

Example 4 {#FPar18}
---------
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On the other hand, if we compute the indiscernibility classes of the objects of the considered information system, we obtain that:
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In the particular case of a decision system, if the subset of attributes of a birreduct is empty, the subset of objects of that bireduct is the decision class provided by the decision attribute.

Proposition 3 {#FPar19}
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Proof {#FPar20}
-----
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Moreover, bireducts remove inconsistencies in the data, that is the cases when two objects have different decision value, but they are indiscernible by the attributes in $\documentclass[12pt]{minimal}
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Proposition 4 {#FPar21}
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Proof {#FPar22}
-----

By the definition of discernibility function of decision systems, given in Expression [4](#Equ4){ref-type=""}, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y\in U$$\end{document}$, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d(x) \ne d(y)$$\end{document}$, the conjunctive normal form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau ^{bir} $$\end{document}$ will contain the clause$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x\vee y\vee \bigvee \{a\in A \mid \bar{a}(x)\ne \bar{a}(y)\} $$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{a}(x) = \bar{a}(y)$$\end{document}$, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \mathcal {A}$$\end{document}$, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{a\in A \mid \bar{a}(x)\ne \bar{a}(y)\}$$\end{document}$ is empty and so, the clause is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x\vee y$$\end{document}$.

Therefore, every cube of the obtained reduced disjunctive normal form will contain *x* or *y*. As a consequence, by Theorem [3](#FPar12){ref-type="sec"}, we have that, for every bireduct (*X*, *B*), the set *X* cannot contain *x* and *y* simultaneously, which proves the result.   $\documentclass[12pt]{minimal}
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As a consequence of this result, all bireducts are consistent and so, the obtained information from these subsystems is also consistent. The following example illustrates the previous notions and results in the particular case of a decision system.

Example 5 {#FPar23}
---------
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As we can see in Table [3](#Tab3){ref-type="table"}, the objects 3 and 4 have different values in the decision attribute but the values of these objects coincide for the rest of the attributes. Therefore, objects 3 and 4 represent an inconsistency in the data. Now, if we compare the objects considering the indiscernibility relation presented in Definition [1](#FPar1){ref-type="sec"}, we can build the following discernibility matrix:$$\documentclass[12pt]{minimal}
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Conclusion and Future Work {#Sec6}
==========================

In this paper, we have studied some properties of bireducts and highlighted specific obtained bireducts. Mainly, we have identified the bireducts that provide the indiscernibility classes of the objects of the considered dataset. Moreover, it has been proved that the reducts of information systems and decision systems can also be obtained from bireducts. Furthermore, in the particular case of decision systems, we have proven that inconsistencies can be detected with bireducts and that they consider the largest consistent subsets of objects.

As a future work, we will continue the study of the properties obtained from the reduction of a formal context by means of bireducts. Also, we will use this study in order to reduce the number of attribute implications in FCA. In addition, the notion of fuzzy bireduct will be investigated.
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